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correlation functions
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Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606-01, Japan
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Abstract. Spin generalization of the relativistic Calogero—Sutherland model is constructed by
using the affine Hecke algebra and shown to possess the quantum affine syrﬂq@ky).

The spinless model is exactly diagonalized by means of the Macdonald symmetric polynomials.
The dynamical density—density correlation function, as well as the one-particle Green function,
are evaluated exactly. We also investigate the finite-size scaling of the model and show that
the low-energy behaviour is described by the= 1 Gaussian theory with a new selection rule.
The results indicate that the excitations obey the fractional exclusion statistics and also exhibit
the Tomonaga—Luttinger liquid behaviour.

Recently, Yangian symmetry has been extensively studied [1-3] in relation to the Calogero—
Sutherland model (CSM) [4], the Haldane—Shastry model (HSM) [5] as well as conformal
field theory (CFT). In particular, it is remarkable that a new structure of CFT called spinon
structure has been understood based on this symmetry [3]. This motivated the authors in
[6] to analyse the analogous structure of the level-1 integrable highest weight modules of
the quantum affine algebi, (s/2). These modules and their duals are known to provide

a space of states of thEXZ spin chain in the antiferromagnetic regime [7]. The level-

0 action oqu(Qz) in the level-1 modules has been shown to play the same role as the
Yangian in CFT. Namely the level-1 modules are completely reducible with respect to the
level-0 action. However, no physical models related to this level-0 symmetry have been
discussed.

One purpose of this letter is to propose a model having this symmetry. We consider the
trigonometric limit of the Ruijsenaars—Schneider model (RSM) [8], which may be considered
as a relativistic extension of the CSM, and show that the spin generalization of the model
possesses a desired symmetry. This consideration should deepen our understanding of finite-
dimensional quantum integrable systems from the quantum group point of view. In addition,
recently the RSM itself has been shown to have wide connections with various subjects,
such as the sine—Gordon theory [8, 9], ti¢G gauged Wess—Zumino—Witten model on a
cylinder with a certain Wilson line insertion [10], 2D Toda chains [8, 11] and the integrable
structure of the four-dimensional supersymmetric Yang—Mills theory [12]. In the second
half of this paper, we investigate physical properties of the trigonometric RSM.
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Let us start with the definition of the trigonometric RSM. Be(j = 1, 2,..., N) be the
rapidity variables and; be their canonically conjugate variables. We impose the canonical
commutation relationsxf, 6] = i8;; with ~ = 1 and use the representation= —id/dx;.

The model is described by the following Hamiltoni&h and momentum operata?

C2 C
H = E(H_1 + Hy) P= E(H—l — Hy) 1)

with N independent integrals of motiaoH, (or H_;) (k=1,2,...,N)

inla(x —x: Ti 12
Hep = Z 1—[<3|n 2(')5(-? Xj + |g/C)> e_]_/czlyg[
Ic(L2...N) iel Slnéa(xi - xj)
=k jel

y 1—[ (Sin;a(xm —-x F ig/c))l/2 @

lei Sin%a(xm —Xx;)

m#el
wherec is the speed of lightg € Q is the coupling constant arde R.o. We normalize the
mass equal to one. The model possesses the Lorentz boost geietatenl/c) Zf’zlxi,
and is Poinca invariant in the sense that the operatéts P and B satisfy the Poincar
algebra

[H,P]=0 [H,B]=iP [P,B] =iH/ 3)
In the non-relativistic limitc — oo, we recover the Hamiltonian of the CSM
N 2 2
. 1/ 0 glg—1 o
lim(H — N¢?) = — () + 2= ——
j; 2 \ 9x; 4 1<j<Zk<N sir? %a(xj — Xr)

with identificationa = 27/L, where L is the length of a ring on which particles are
confined.

It is also known that the integrals of motiorf$, can be gauge transformed to the
Macdonald operators [13]. Let us define new parameters e /¢, t = p¢ and new
variablesz; = €%9, p*% = e¥@/9%9/95 Notice the relationp*?iz; = p*lz;. Then, by
using the function

& @/ P

T @/ @
Jjk=1 (tzj/zk7 p)oo
yomn
with (x; p)oo = [11—o(1 — xp"), one has [14]
AV2H AY? = FRN-D/2 D (L Ly )

Here Dy (p, r) are the Macdonald operators defined by [13]
Di(p.ty =t*¢D2 N ] S — I e (6)

Icil2..Ny el ST % er
|I|=k j#el

Now let us discuss a spin generalization of the model and clarify its quantum affine
symmetry. The model we will consider is essentially the trigonometric model discussed by
Bernardet al [2], but it has never been connected to the relativistic CSM. Let us consider
the trigonometric solutiork(z) [7] of the Yang—Baxter equation and the operatgf(z)
(i=12,...,N) defined by
1-4¢°%z 285 — Soi
T2 Rue) = 20 =0

Loi(z) = 1=2)q 1

Po; (7)
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whereq (# 0) is a complex parameter;; (v; ® v;) = v; @ v; with v; = vy or v_ is a basis

of two-dimensional vector spacé5 (j =0,1,..., N) and
_q—l .
_ g—q - -1
= 10 : ®)
_q—l

We regardLg;(z) as a linear operator offp ® V;. Note that the operatorS;;;1(j =
1,2,..., N —1) satisfy the Hecke algebra relations.

-1 -1
St =8 =40-4

Sii+1Skk+1 = Stk+1Sjj+1 lj—kl>1 9
Sjj+1Sj+1j+28jj+1 = Sjr1j+28jj+15j+1j+2-

Define the monodromy matriko(z) by

Lo(z) = Lo1(2)Lo2(2) . .. Lon (2). (10)
Then the operator®(z) and Lo(z) satisfy the relation
Roo(2/2')Lo(z) Lo (z") = Lo(z')Lo(z) Roo (2/2). (11)

We use this relation to realize the quantum affine symmé‘g@z) as well as to define
an integrable spin generalization of the model. For this purpose, we introduce the
notion of affine Hecke algebr&y(g) [2]. The algebraHy(q) is generated byg;ji1
(j=12...,N-Dandy (j =12 ...,N) with relations (9) forg;;+1 and

YiYk = YkYj 8jj+1Yj&jj+1 = Yj+1

[gjj+1. ] =0 (J,j+1#k). (12)
We use the following representation By (¢) [6]:

-1
qzj —q u
Zj — 2k

_ -1 -1 _9;
Yi =Tjfa---TiNP T T

with Kjkf(...,zj', e Ty ) = f(...,Zk, cees 2y ..) andrjk = Kjkgjk-

g = (1—Kjx) — g™

Since the operators; (j = 1,..., N) commute with each other, the ‘guantized’
monodromy matrix [2]
Lo(z) = Low(zyy) - - Lov (zyy) (13)
also satisfies relation (11). Consider the formal expansiohg¢f) in z*! and define
3 lln] l*[ﬂ])
L3(z) = z”( ! 2" ). 14
o) Z Iiln]  1y[n] (14)

+n>0

From (7) and (11), we have the relatioh§[0] = /;,[0] = 0 and/}}[0]/;;[0] =1 (j = 1,2)
as well as

Roo(z/2)LE()LE(E) = LE(Z)LE(2)Roo (2/7)) (15)
Roo(z/2)L§(2)Lo(z") = Ly (z)LE (2)Roo (z/2)). (16)
Now let Fy be the space of vectoise { f(z1, 22, ..., zv) ® V&) satisfying

(gjj+1— Sjj+0v =0 j=12 ..., N-1 (17)
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Relations (15) and (16) define a level-0 representati®h of U, @2) on Fy [6]. From
(13) and (14), we obtain its explicit form as

7™ () = Zyj Yo 94" i ®qh2® -®q"

J
7™ (fo) = Zy,-q*’” ® Q"L - ®q "
j=1

N j
M=) ¢"® - @¢"@ @ ® - ®q"
j=1

N J
A=) ¢ "e - 0¢"® igg e - ®q¢ "
=1

(N)(qihl)—q ®...®qihf ]:1’2
where on the right-hand side = (3 3), /1= (), 1 = (5 o) andhz = (39).

Note that the quantum determinapdetio(z) commutes with the level-0 actidrii,,(glz)
and is an appropriate object to construct a desired model. Direct calculation shows

N -1 -1
- 1—-qg 7 yiz7)
detlo(z) =gV || =~ 2= 7 18
q 0z) =¢ j|=1| = (18)

Expandingg-detLo(z) in the power ot ~, one gets the commuting family of-independent
operators

> Vv k=1,2,...,N). (19)

i1<--<iy

Now we define a model oty by the following Hamiltoniar, and momentum operator
p:

Mz
Mz

N c
h = b Vi) =5 -y (20)

C
2 =1 =1

Defining also the operatdy = —(i/a) Y1, Inz;, one can easily show thdt, p and b
satisfy the Poincdr algebra (3). Furthermore, in the spinless sectofpf for example
{foym(z1, ..., ZN) @ V4 ® - - - @ vy} With fsym being symmetric functiongs, p as well as all

the integrals of motion (19) of the model coincide with those of the relativistic Calogero—
Sutherland model (1) and (2). This is due to the following formula [6] valid on this sector,

Dk(pil, t:l:l) — (_tl/Z)ik(Nfl) Z yifl o yifkcl

i1<---<iy

where we made identification = ¢2. From (5), this impliesH = AY2;A~%2 and
P = AY25AY2, We hence have obtained the integrable spin generalization of the
relativistic Calogero—Sutherland model and shown that it possesses the quantum affine
symmetryU, (gl5)o.

We next consider the diagonalization of the spinless model and evaluate the dynamical
correlation functions. The diagonalization of the integrals of motion (2) can be carried out by
the Macdonald symmetric polynomials. Let= (A1, ..., An), A1 = --- 2 Ay 20,4, € Z
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be a partition and denote the Macdonald symmetric polynomiaPky; p, ). Then one
has [13]

k
Dk(pil,til)Px(z;p,t)=( > ]_[tN”px’>Px(z;p,t)-

i1<---<iy =1

Therefore, from (5), we obtain the exact eigenvaluegfodnd P as

N N
0; 0;
Ex(}) =c?) cosh? Py(L) =c Y sinhZ (21)
2r N+1 .
R N ] @2)
where we setv = 27 /L. The corresponding eigenfunctions are given by
W,(2) = AY2Pi(z; p. 1), (23)

The model thus can be regarded as an ideal ga® oElativistic pseudo-particles with
the pseudo-rapidities (22). One should note that formula (22) obeys the following Bethe
ansatz-like equations

N
Loy =2rli+m(g—1) ) sgne; —6) (24)
=1
The ground state is given by the functiarn,(z) = A2 corresponding to the empty
pagtition A = ¢. The ground-state momentum and energy eigenvalues are evaluated as
P =0and

EQ = ¢? coshngN/sinhng. (25)
cL cL

Hence the ground state can be described as a filled Fermi sea with pseudo-momenta

P = csinh(g;/c) with —0¢ < 6; <6 (j =1.2,.... N), whereg = wg(N — 1)/L.

The dynamical density—density correlation functions as well as the one-particle Green
function can be evaluated by making use of the Macdonald symmetric polynomials. Here we
summarize the results. To each partitionwe assign a Young diagrafm(i) = {(i, j)|1 <
i <IA),1<j< A, i,j € Zoo}. Let ) be the conjugate partition of. For each cell
y = (i, j) of D(%), we define the quantities(y) =4, — j, a'(y) = j —1,1(y) =2, —i
and/’(y) =i — 1. Then we have

_ 2 (1 - PW)Z(XA(P, t))z —iE()t
(Olp(¢. 1)p(0,0)[0) = ﬁ; b Dty NI COIPDE) e (26)
| AN t2|k|((t—l)§Pst))2 B B
O|w'(&, 1)¥(0,0)|0) = N (L) @ (EWI=PO)E) 27
(0[Wi(£, HW(0,0)[0) ANH;MW)MW) e (27)
with & being a real coordinate conjugate to the momentBm|r| = > 4;, EQ) =

Ex(\) —EY, P(1) = Py()) and

N i—1. .
Ay = 1—[ (P77 Poo(ts Poo

izt (5 P)oo(ps Ploo
h(p,t) = l_[(l _ pa(V)tl(V)+1) hy(t, p) = l_[(l _ pa(y)+1tl(y))

= yexr
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1— p@@N-I'n
NG) = l_[ 1— pdWHLN-T (-1

YEA
X)L(p, 1) = l—[ (tl’(}/) — pa/(}/)) (a)gpvt) — l_[(tl'()/) _ pa'(y)a).

yen er
y#=(1.1) 14

For the rational couplingg = r/s, one should remark that the factor*(p, 1)
(respectively(t*l)g” ")) vanishes if the diagrarf?(A) contains the lattice poirts + 1, r + 1)
(respectively(s, r + 1)). According to the same argument put forward by Ha in the CSM
[15], this indicates that only the states which contain minimajuasi-hole excitations
accompanied by (respectively { — 1)) quasi-particles can contribute as the intermediate
states in (26) (respectively (27)). One can thus conclude that the excitations of the model
obey the fractional exclusion statistics following Haldane [16] as in the CSM [15].

Furthermore, the exact spectra (21) allow one to analyse the finite-size scaling of the
model in the thermodynamic limity, L — oo with N/L = n fixed. First of all, from (25)
we obtain the finite-size correction to the ground-state energy as

lim E = Leg — Zngo(le) (28)
where g = (c3/mg) cosimgn/c) and v = csinhzgn/c) are the ground-state energy
density and the velocity of the elementary excitation, respectively. In comparison with
general theory [17], one may suspect that the central charge is givgn Bpwever, this

is not the correct identification [18]. The central charge should be identified with one.
This can be justified by calculating the low-temperature expansion of the free energy from
(24). Instead, we justify it here by deriving the whole conformal dimensions associated
with the elementary excitations. These can be obtained by evaluating the differences of the
total energy and momentum from the ground-state eigenvalues under change of the particle
number (byAN) and transfer of theA D-particles from the left to the right Fermi point

[18]. We hence obtain the finite-size corrections

4 g 2
27 CoS
7 mmwoAN(

2nv | g 5, 1 o \?
AEZ,LLAN-FT =AN“+ - (AD+ —

AP =2peAD +
2

where u = c?coshirgn/c) and pr = v/g are the chemical potential and the Fermi
momentum, respectively. We modified here the argument by Kawakami and Yang by
considering the flux excitation® associated with the change of the particle numbe¥¢
[19,15]. Adding the contribution from the quasi-particle and quasi-hole excitations, we
finally obtain the right and left conformal dimensioh$ as follows,

D
AD+>

1[/eAN 1 o \7?
W (AN; AD; N*) = - + — (AD+ — N* 29
( =[x (o )]+ @)
where N* € Z-o. Remarkably, the result does not dependconThe flux carried by a
particle isrg as in the CSM [19] so thab = mgAN. One can thus write (29) as

+_ 1 2 A+ -1 s
ht = —(AD+gAN)?>+ N h~=_—AD?’+ N—.
2g 2g

This result indicates that the effect of the flux excitation is equivalent to imposing the
new selection ruleAD = (g/2)AN (mod 1) on (29) withoutd/27. This selection rule
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in fact can be obtained from the periodicity of the wavefunction of the pseudo-particle
exp(id;x;) under the change; — x; + L. Henceh* with N* = 0 can be regarded as

the conformal dimensions of thé(1)-primary fields in theC = 1 Gaussian theory. From

the results (26) and (27), we have also succeeded in obtaining the thermodynamic limit
of the dynamical correlation functions and their low-energy asymptotic forms [20]. The
critical exponents thus obtained agree with Ha's results [15] as well as those obtained from
h* with assignmeniAN = 0 for the density correlation and N = 1 for the one-particle
Green function. We thus conclude that the model possesses the Tomonaga-Luttinger liquid
property [21].

In the case with the special couplig= 2, Gaussian theory is known to become the
level-1 su(2) Wess—Zumino—Witten theory. This feature is consistent with the results in
[6], where setting = p? is inevitable to define a new level-0 action of (372).

In comparison with the CSM, our model possesses one extra parameidre ultra-
relativistic limit ¢ — 0 is especially interesting. There one has a decoupling of the left-
and right-movers. In addition, the limg — O with g/c¢ fixed reduces the Macdonald
polynomial to the Hall-Littlewood function [13]. This suggests that a certain mathematical
structure remains in this limit [22].

The author would like to thank O Babelon, D Bernard, P J Forrester, T Fukui, M Jimbo,
N Kawakami, V B Kuznetsov, T Miwa, K Ueno and T Yamamoto for valuable discussions.
He would also like to thank Simon Ruijsenaars for communications. This work is supported
by the Yukawa memorial foundation.

After finishing this work, we found a paper by V Pasquier [23] where the same subject
as in the first part of this paper is discussed.
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